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ABSTRACT: This work demonstrates the feasibility and applicability of the
theory of extended multiphonon electron transitions for the description of
nonlinear optical properties of polymethine dyes using quantum chemistry and
model calculations. The transformation of a strong one-photon absorption
band in dye monomers to a weak two-photon absorption band is rationalized
from the electron−nuclear resonance condition. The power law ﬁtting of the
results of quantum chemical computations of nonlinear optical properties
allows the predicting of the shift of the corresponding Egorov-like resonance
curve to the shortest dye in the vinylogous series of dye monomers. The
results presented provide an insight and guide for the rational molecular
design and application of polymethine dyes.
■ INTRODUCTION
The concepts of a model spin-Hamiltonian and subsequent
model Hamiltonian studies are widespread in the description
of magnetic resonance and optical phenomena of molecular
and biomolecular systems.1−5 The parameters of such a model
Hamiltonian (here the spin-Hamiltonian) can be recovered by
ﬁtting theoretical curves to experimental spectra. The obtained
parameters still require a careful validation and interpretation
sometimes augmented by the results of quantum chemical
calculations.5−8 Quantum chemical calculations allow the
establishing of the structural and environmental factors that
aﬀect the model Hamiltonian parameters and provide help for
a computational design of molecular systems with particular
properties for the desired applications. Cyanine-like poly-
methines are particularly promising organic dyes for many
present-day applications including bioimaging9−12 and photo-
dynamic therapy.13,14 Some of their supramolecular aggregates
in solution (J-aggregates) can be detected by the appearance of
a narrow and intense absorption band (J-band) which is red-
shifted with respect to the monomer band. These J-aggregates
currently attract increasing interest due to their potential
applications in nanoscience. In ref 15, an attempt of a uniﬁed
description of linear optical properties of polymethine dyes and
their J-aggregates has been made based on the theory of
multiphonon electron transitions.16 This new approach, the
theory of extended multiphonon electron transitions
(EMETs), assigns the most intense absorption band in a
series of a cyanine dyes and the J-band to an electron nuclear
resonance that occurs at a speciﬁc length of the polymethine
chain. The most important parameter of the EMET theory is
the strength of electron nuclear coupling, measured by the
nuclear reorganization energy (RE). Our theoretical analysis17
is based on the comparison of the quantum chemical curve
RE(n) in a vinylogous series of polymethine dyes, in
particularly thiacarbocyanine, thiapyrylocarbocyanine, carbo-
cyanine, and the resonance curve REres(n) is predicted by the
EMET theory. Our analysis resolves a long-standing puzzle in
the theoretical description of environmental eﬀects on the
spectra of carbocyanines and the dependence of the possibility
of J-band formation in J-aggregates on the chemical dye
structure. In this work, we apply our molecular reorganization
energy-based analysis and modeling from the EMET theory to
the description of the two-photon absorption property of a
special case of polymethine dye, the selenopyrylium poly-
methine dye.18 The position of the Egorov-like resonance
curve REres2(n) for the two-photon absorption is also
supported by the results of a power law ﬁtting of the results
of our quantum chemical computations of third-order
polarizability (γ) in the vinylogous series of selenopyrylium
as well as thiacyanine and thiapyrylocyanine dyes. Our results
allow the proposition of a novel, molecular reorganization
energy-based molecular design strategy for cyanine-like
polymethine dyes with enhanced two-photon absorption
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properties for bioimaging and photodynamic therapy applica-
tions.
Our main motivation is to demonstrate that the EMET
approach, developed for the description of linear optical
transitions in polymethine dyes and J-aggregates, can also be
applied to the description of nonlinear optical properties of
polymethine dyes including their two-photon absorption
properties. Quantum chemical calculations and the analysis
of parameters entering into the new variant of the EMET
theory as well as numerical modeling will be essential to study
the possibility of formation of the electron−nuclear resonance
state, which then gives rise to the strong two-photon
absorption band.
We here compute optical spectra of a series of model
polymethine dyes with diﬀerent parameters from the model
Hamiltonian of the EMET theory and compare them with
experimental results from one-photon and two-photon spectra
of selenopyrylium dye Se-3C whose structural formula is
represented (together with other members of the vinylogous
series Se-5C and Se-7C) in Figure 1.
The two-photon optical spectra of the Se-3C dye18 are
shown in Figure 2. We also compute the third-order
polarizability (γ)third-order nonlinear optical coeﬃcient in
the vinylogous series of thiacyanine and thiapyrylocyanine dyes
using a simpliﬁed perturbation approach. The obtained results
as well as results18 from selenopyrylium dyes are ﬁtted with a
power law approach in order to calculate the dependence of
the eﬀective conjugation length of cyanine chromophore L(n)
(sometimes also called the “eﬀective length of cyanine
chromophore”) on the third-order nonlinear optical parame-
ters. The comparison of computed optical spectra of a model
cyanine with the two-photon spectra of selenopyrylium dye Se-
3C and the extracted dependence L(n) of the eﬀective
conjugation length for the third-order nonlinear optical
parameters then allow us to predict the possible position of
an Egorov-like resonance curve REres2(n) in the (RE, n) plane
for the two-photon absorption.
The extension of the Egorov theory to the case of two-
photon absorption will aﬀect mainly the resulting resonance
curve for two-photon absorption. We can show that this
transformation is determined by a diﬀerence in the Egorov
model eﬀective conjugation length for one-photon and two-
photon absorption. In order to determine a precise form of
resonance from ﬁrst-principles, the Egorov-like theory has to
be extended by using an eﬀective Hamiltonian of the
interaction of the system with the light electric ﬁeld for two-
photon absorption. We derive an expression for an Egorov-like
new eﬀective Hamiltonian of the interaction of the molecular
system with a light electric ﬁeld for two-photon absorption.
■ METHODS
Theory of Optical Spectra from Extended Multi-
phonon Electron Transitions. We compute and plot the
theoretical absorption spectra of model polymethine dyes. The
theoretical absorption spectra depend on λ, R, J1, and two
other parameters of EMET theory: the dumping parameter (σ)
and the energy of an electron in its ﬁnal state (J2). Readers may
refer to section 3 of ref 15 for a detailed introduction of the
formulas and expressions used here. The only diﬀerence is in
the notation for the dumping parameter. As already mentioned
above, the EMET theory of polymethine dyes and J-aggregates
is based on the theory of multiphonon electron transitions.
Compared to the Hamiltonian of the standard theory of
multiphonon electron transitions,16 in the EMET theory the
Hamiltonian is more complicated and advanced by introducing
an additional electronic potential well V2(r − R) separated
from the initial well V1(r) by the distance R ≡ |R|
Figure 1. Chemical structure of selenopyrylium-terminated poly-
methine dye cations studied in ref 18. The monovalent counterion is
not shown.
Figure 2. Nondegenerate 2PA spectra for a solution of selenopyry-
lium-terminated polymethine dye Se-3C dissolved in chloroform.
Diﬀerent pump wavelengths were used to observe the full ND-2PA
spectra. Solid circles are degenerate 2PA (D-2PA) cross sections
derived from femtosecond-pulsed Z-scan measurements. 1 GM is
deﬁned as 1 × 10−50 cm4 s photon−1. Experimental uncertainties in
the values were estimated to be ±10%. The linear absorption spectra
are shown as reference. Reproduced from Hales et al.18 with
permission from American Association for the Advancement of
Science (AAAS).
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where r is the radius vector of electron, qk are the real normal
phonon coordinates, ωk are the eigenfrequencies of the normal





is due to the electron−phonon coupling. The reorganization





2∑λ ω= ℏ ̃
(3)
where q̃k are the normal phonon coordinates corresponding to
the equilibrium positions of the nuclei when the electron is in
the initial or in the ﬁnal state, respectively.
Using the methods of classical radiation theory and the
Einstein model for nuclear vibrations ωk = const ≡ ω, the
following expression for the light absorption factor (the optical
extinction coeﬃcient is proportional to this factor) has been
obtained15
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where Δ deﬁnes the thermal eﬀect energy related to the heat
absorption in elementary extended multiphonon transition.
The energy ℏΩ of the absorbed photon and thermal eﬀect Δ
are related by the law of conservation of energy:
J J1 2ℏΩ = − + Δ (8)
The expressions
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are formulated from elementary functions.
The calculated optical spectra of model polymethine dye are
determined by the resonance condition between the extended
electronic motion and the nuclear reorganization motion
during the electronic transition. According to the EMET
approach to the nature of optical transitions in polymethine
dyes, the resonance occurs when the characteristic time of
extended electronic motion becomes equal to the characteristic
time of vibration-like motion of the nuclear reorganization.
The time scale τn of nuclear reorganization is deﬁned as τn =
ℏ/λ, where λ is the RE. The time scale of the electronic motion
τe is deﬁned as τe = R/(J1/2m)
−1/2, where R, J1, and m are the
ef fective length of the dye polymethine bridges, the energy of
an electron in its initial state, and the mass of an electron,
respectively. For linear absorption spectra the ef fective length R
is assigned19 to be 2.8(n + 2) Å, where n is the number of
methine groups in the polymethine chain. J1 ≡ J1(n) is the
experimental energy of an electron in the initial state of the
cyanine dye, which depends on the number of monomers n.
We introduce the resonance parameter θ = τe/τn. The
resonance occurs when θ = 1/2, according to the EMET
theory. This condition will be extensively exploited in the
discussion section. The theoretical resonance condition θ = 1/
2 determines the functional form of the resonance curve
REres(n) in the plane (RE, n)
n A nRE ( ) /( 2)res = + (10)
where A = 1.375(J1(n)/J1(3))
1/2.
The third-order polarizability (γ)third-order nonlinear
optical coeﬃcient in the vinylogous series of thiacyanine and
thiapyrylocyanine dyes was calculated using a simpliﬁed
perturbation approach. Theoretically, the γ values are
dominated by the so-called N-term in the simpliﬁed
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where g denotes the ground state, e and e′ are the ﬁrst and
higher lying excited states, respectively. M is the transition
dipole moment between these states, and Ω = (E − iΓ) with E
being the diﬀerence in energy between the states, and Γ is the
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state dumping. The N-term is given by the second line of eq
11. The factor of 1/5 is due to an orientational averaging of γ,
and the prefactor is a conversion factor between the input in
MKS units (values for E, M, and Γ) and the resulting cgs (esu)
units for γ(ω). It should be noted here that, in present work,
we did not calculated the D- and T-terms of γ (which are given
by the ﬁrst and third line of eq 11, respectively).
Given the strong dependence of the N-term on both the
values of transition dipole moment Mge and the energy
diﬀerence between the ground and excited state Ege (γ ∼ Mge4/
Ege
3), γ is indeed expected to exhibit a very steep power-law
dependence on the conjugation length.18 We estimated the N-
term in the vinylogous series of thiacyanine and thiapyr-
ylocyanine from the values of the transition dipole moment
and the energy diﬀerence between the ground and excited state
calculated using GAUSSIAN0922 (CIS and HF option and 6-
31(d,p) basis).
■ RESULTS AND DISCUSSIONS
Comparison of Computed Optical Spectra of Model
Cyanine with Experimental Two-Photon Spectra of
Selenopyrylium Dye Se-3C. We are using Egorov’s
theoretical formulas from ref 15 to compute and plot the
theoretical spectra of model polymethine dyes with diﬀerent
sets of model parameters. We do so in order to allow us to
determine a valid pair of sets of parameters (see Figure 3,
caption) that are able to reproduce the experimental
transformation from one-photon to the two-photon absorption
spectra of selenopyrylium dye Se-3C from ref 18. This is one
of the novel issues of this paper which has never been
addressed before.
We begin with comparing the results of numerical
computations of optical spectra of model cyanines with
diﬀerent values of the resonance parameter θ of the EMET
theory. The resonance parameter can be larger than 1/2 so that
the system is in the over-resonance regime. The theoretical
absorption band of such a monomer dye consists of two sub-
bands: a low energy L-band and a high energy D-band.15,17
The D-band is relatively weak at the condition of the
resonance. The deviation of the system from resonance,
however, enhances the intensity of the D-band and reduces the
L-band. It can clearly be seen from the experimental data of
two-photon spectra of selenopyrylium dye Se-3C [see the Z-
scan data (black squares) and 1800 nm pump probe
measurement results (orange line)] and its linear absorption
spectra taken as a reference (see Figure 2) that qualitatively the
transformation of spectra from the linear case to the two-
photon absorption case can be described in terms of the
EMET theory, in particular the redistribution of the intensity
of spectra between D- and L-bands. Moreover, the detailed
numerical calculations for the model cyanine dye using the
formulas from EMET theory (see Figure 3) allow the
reproduction of the experimental transformation from the
one-photon to the two-photon absorption spectra of the
selenopyrylium dye Se-3C quite well. It should be noted here
that Egorov’s plots from ref 15 actually allow just a qualitative
estimate about the possibility of such a transformation.
The origin of the 200 nm diﬀerence between the
experimental absorption peak of Se-3C in Figure 2 and the
computational peak in Figure 3 is diﬀerent from the J1 − J2
values in Se-3C and the model thiacyanine dye used to
compute the spectra in Figure 3. It should be also noted here
that there is no discussion of the absorption line shapes of Se-
5C and Se-7C dyes due to the absence of experimental two-
photon absorption data in the region of the long wavelength
edge of their linear absorption peaks.
Quantum Chemical Calculations of Third-Order
Polarizability and Power Law Fitting of Calculated
Data. We are computing the third-order polarizability in a
vinylogous series of thiacyanine and thiapyrylocyanine
molecules and perform a power-law ﬁtting of the calculated
data in order to extract the formula for the eﬀective
conjugation length for these third-order nonlinear optical
parameters that allow us to predict the position of the Egorov-
like resonance curve for the two-photon absorption. This
approach is novel and has not been treated before.
We estimate the N-term in the vinylogous series of
thiacyanine and thiapyrylocyanine (Figure 4) from the
calculated values of the transition dipole moment and the
energy diﬀerence between the ground and excited states
calculated quantum chemically. The calculated values of the
transition dipole moments Mge and the energy diﬀerences
between the ground and excited states Ege, as well as calculated
static γ values, are given in Table 1. Figure 5 shows the
dependence of the N-term on the number of methine groups
in a particular dye (n). The N-term dependencies can be ﬁtted
by the Lm law (m = 7) at small n quite well, but at larger values
of n the theoretical values of γ increasingly deviate from the
power law. It was suggested18 that the deviation from the
power law happens because the cyanine type dyes are subject
to a symmetry breaking at long chain lengths.23−26 Although
computational studies might provide insight into such a
polymethine symmetry breaking, the accuracy of modeling the
symmetry breaking process remains challenging.26 Many
authors follow the view that a symmetry breaking at a long
chain length leads to the existence of a so-called “cyanine
limit”, manifesting itself in optical spectra. Crossing the
cyanine limit at a certain length of the polymethine chain
leads to a deep transformation of optical absorption spectra.
Figure 3. Transformation of the theoretical spectra of a model
polymethine dye with diﬀerent deviations from the resonance
condition θ = 1/2. The black curve describes an optical band
corresponding θ = 0.44, the red curve describes an optical band
corresponding θ = 0.88 (shown on diﬀerent scales). The dumping
parameters are taken to be 0.45 eV and 0.34 eV, correspondingly. All
other simulation parameters are the same as used in ref 1 to reproduce
the results of Figure 2 in that work.
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The sharp transition characteristic of cyanine spectra under-
goes a bathochromic shift (∼100 nm per additional vinylic
unit), followed by a deep modiﬁcation of the spectra with a
large broadening of the band and decrease of its intensity.27
Cyanine dyes represent a great challenge for contemporary
theoretical chemistry, while in the Egorov approach the unique
properties of cyanine dyes are explained by a strong interaction
of the cyanine chromophore with condensed media. Therefore,
most likely, the deviation of γ(n) from the power law is an
intrinsic property of the cyanine molecule determined by the
peculiarities of quantum transition dynamics of the cyanine
molecule in condensed media. Egorov15 described the
inﬂuence of this dynamics on linear optical absorption in
polymethine dyes in terms of the theory of extended
multiphonon transitions that is beyond the Born−Oppen-
heimer and Franck−Condon approximations.
Our method of analysis17 which is based on Egorov’s theory
and quantum chemistry allows the prediction of the
redistribution of the optical line shape of cyanine dyes with
the solvent and describes the spectra transformation by a
gradual extension of the polymethine bridge in a vinylogous
series. In the terms of Figure 2 from ref 17, the spectra
transformation is explained by an increasing deviation of the
dye reorganization energy beyond the electron transfer (ET)
resonance values. The dyes at small n corresponding to the
beginning of the vinylogous series have a reorganization energy
downshifted from the ET resonance reorganization energy
which is characterized by the typical cyanine optical line shape.
The further increase of n after crossing of the ET resonance
line leads to the optical line shape that is intermediate between
the regular form of cyanine spectra and “oﬀ resonance” spectra.
It is one of the essential predictions of Egorov’s theory that the
“oﬀ resonance” long wavelength absorption band is virtually
composed of two sub-bands, the L- and D-bands. The D-band
is determined by the total reorganization energy, while the L-
band is determined by one-half of the global reorganization
energy of optical transitions: the relative intensity of these
bands depends on the deviation of the system from the
electron transfer electron nuclear resonance condition θ = 1/2.
The decrease in the reorganization energy changes the splitting
between the L- and D-bands to transform the whole optical
band (L + D) from narrow and intense absorption bands to a
slightly asymmetric absorption band (as shown in Figure 2 of
Egorov’s work15).
In a recent experimental study18 of nonlinear absorption
properties in a vinylogous series of selenopyrylium-terminated
polymethine dyes (see Figure 1), a high-resolution two-photon
absorption spectrum can be obtained (see Figure 2). If we
compare this spectrum (together with the linear absorption
spectra as reference) with Egorov’s theoretical spectra,15 some
similarity is apparent. Moreover, even more similarity can be
noted if we compare the experimental spectra with the results
of our simulations based on Egorov’s theory presented in
Figure 4. Thiacyanine (A) and thiapyrylocyanine (B) dye cations
with varying lengths of the polymethine chain (n) studied in the
present work are shown. The monovalent counterion is not shown.
Table 1. Calculated Transition Energies (Ege in eV),
Ground-to-First-Excited-State Transition Dipole Moment
(Mge in Debye), and |γN| in esu in a Vinylogous Series of
Thiacyanine and Thiapyrylocyanine Dyes
n Ege Mge |γN| × 10
34
Thiacyanine
0 5.11 9.53 0.12
1 4.15 11.58 0.49
2 3.68 13.99 1.49
3 3.34 16.11 3.53
4 3.07 18.20 7.37
5 2.90 19.18 10.79
6 3.00 18.87 9.19
7 3.09 18.55 7.81
Thiapyrylocyanine
0 3.85 13.12 1.01
1 3.45 15.55 2.77
2 3.01 17.83 7.23
3 2.77 19.68 13.79
4 2.76 19.79 17.50
5 2.86 19.15 13.82
6 2.97 18.31 8.38
7 3.06 17.78 6.19
Figure 5. Calculated γ N-term dependence in the vinylogous series of
thiacyanine (red circles) and thiapyrylocyanine (blue circles). The
calculated data were ﬁtted by the BLm law (m = 7), where L = 0.28(n
+ 6) nm gives the eﬀective conjugation length B = 0.526 × 10−37 esu/
nm7 for thiacyanine and B = 2.65 × 10−37 esu/nm7 for
thiapyrylocyanine, respectively.
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Figure 3. It shows that Egorov’s approach can be applied to the
description of two-photon optical spectra of cyanines in a
similar approach as to describe the linear optical properties of
polymethine dyes. The well-deﬁned techniques of generating
polynomials of Krivoglaz and Pekar16,28,29 could also be
applied analogously. The only diﬀerence will be in the eﬀective
Hamiltonian of two-photon absorption in comparison with the
dipole moment Hamiltonian for the linear absorption case.15,19
So far, there is no current construction of an eﬀective
Hamiltonian of two-photon absorption in the literature. The
existing two-photon absorption calculations are solely based on
the “sum over states” formulation of perturbation theory,18,30,31
that relies heavily on the Born−Oppenheimer and Franck−
Condon approximations. The Egorov approach and the results
obtained for linear optical properties of polymethine dyes are
clearly beyond the BO and FC approximations.
We present a new eﬀective Hamiltonian of the two-photon
absorption (see the Supporting Information for an explicit
derivation), with which the corresponding Egorov-like theory
can be developed, and a new ET resonance condition similar
to condition 11 can be obtained. Because the two-photon
spectra are determined by the imaginary part of γ (see eq 11),
some information about the resonance conditions for the two-
photon absorption can be obtained from the results of our
calculation of the γ N-term and the power law ﬁtting of the
calculated data (see Table 1 and Figure 5). By the power law
ﬁtting γ = BL7, where L is the dye conjugation length, we
obtained the following expression for L: L = 0.28(n + 6) nm
(see Figure 5, caption), which is valid for both dyes:
thiacyanine and thiapyrylocyanine. Moreover, the power law
ﬁtting γ = BL7 results of γ computations18 with the same
conjugation length L = 0.28(n + 6) nm work quite well also in
a vinylogous series of selenopyrylium-terminated polymethine
dyes Se-3C, Se-5C, and Se-7C. On the other hand, Egorov’s
theory used a conjugation length L = R = 0.28(n + 2) nm to
describe the linear absorption properties of the vinylogous
series of thiacyanine.1 Therefore, the expected ET resonance
line for the two-photon absorption should be modiﬁed in
comparison with the ET resonance line for one-photon
absorption given by eq 10. The functional form of the
resonance curve REres2(n) in the plane (RE, n) is determined
by the following:
n A nRE ( ) /( 6)res2 = + (12)
where A = 1.375(J1(n)/J1(3))
1/2.
In Figure 6, the two ET resonance lines are compared with
the calculated reorganization energy for the vinylogous series
of thiacyanines. We can clearly see that for n = 1 the
thiacyanine dye reorganization energy lies above the two−
photon resonance line. In Figure 6, we can also see that
reorganization energy of a thiapyrylocyanine dye with the same
length as a polymethine chain n = 1 still lies well above the
two-photon resonance line which can give rise to a D-band
dominance in the long-wavelength two-photon absorption in
accordance with our analysis based on Egorov’s theory.
The dominance of the D-band manifests itself in the high-
resolution long-wavelength two-photon absorption of seleno-
pyrylium-terminated polymethine dye Se-3C, corresponding to
n = 1 [see Z-scan results (black squares) and 1800 nm pump
probe measurement data (orange line) in Figure 2]. The
similarity in third-order NLO properties of selenopyrylium-
terminated polymethine dyes and thiapyrylium-terminated
polymethine dyes was noted above already; therefore, our
results for thiapyrylocyanine can be used to interpret the
selenopyrylium-terminated polymethine dye data to some
extent.
In order to determine a precise form of the two-photon ET
resonance curve, the Egorov-like theory has to be further
developed by using an eﬀective Hamiltonian of the interaction
of the system with the light electric ﬁeld for the two-photon
absorption as outlined in the Supporting Information.
In the end we would like to emphasize that the same Egorov
model can be applied to a single cyanine dye and J-aggregates.
The only diﬀerence is in the numerical values of the
parameters.
■ CONCLUSIONS
The presented results describe a deﬁnite possibility of the
extension of the theory of extended multiphonon electron
transitions to the description of two-photon optical spectra of
polymethine dyes and J-aggregates. The results allow the
proposition of a more elaborate molecular design strategy to
achieve intense long-wavelength two-photon absorptions of
polymethine dyes. This new design approach involves an
enhancing of the two-photon absorption of cyanine-like
molecules by decreasing the ET reorganization energy of the
cyanine molecule (until reaching two-photon ET resonance)
by incorporation of additional substituents as terminal groups
or directly into the polymethine chain.
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Figure 6. Change of reorganization energy λ(S0→ S1) in a vinylogous
series of thiapyrylocyanine (green triangles) in comparison with
thiacyanine (black squares) that approach the expected two-photon
ET resonance curve (blue triangles). The reorganization energy
required for a one-photon ET resonance is shown as red circles. The
solvent reorganization energy (0.22 eV) is taken as a reorganization
energy oﬀset.
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